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Question 1. Consider the linear system

4x1 − 3x2 − 11x3 + 4x4 − 6x5 = −9

−2x1 + 2x2 + 6x3 − 6x5 = −6

3x1 − 2x2 − 8x3 + 3x4 − 5x5 = −7

x1 − x2 − 3x3 + x4 − x5 = −2

−x1 + 2x2 + 4x3 + 3x4 − 17x5 = −19.

(a) Form the augmented matrix of the given system.

(b) Find the reduced row echelon form of the augmented matrix, which is found in part (a).

(c) Solve the system if it is consistent.

Answer 1.

(a) The augmented matrix of the given system is
4 −3 −11 4 −6 −9
−2 2 6 0 −6 −6

3 −2 −8 3 −5 −7
1 −1 −3 1 −1 −2
−1 2 4 3 −17 −19

 .

(b) It is straightforward to show that
4 −3 −11 4 −6 −9
−2 2 6 0 −6 −6

3 −2 −8 3 −5 −7
1 −1 −3 1 −1 −2
−1 2 4 3 −17 −19

 rref
 


1 0 −2 0 1 2
0 1 1 0 −2 −1
0 0 0 1 −4 −5
0 0 0 0 0 0
0 0 0 0 0 0

 .

(c) Using part (b) and putting x3 = s, x5 = t, we get x1 = 2 + 2s− t, x2 = −1− s + 2t, and
x4 = −5 + 4t. Therefore the solution set is

x1 = 2 + 2s− t, x2 = −1− s + 2t, x3 = s, x4 = −5 + 4t, x5 = t where s, t ∈ R.





Question 3. Let

A =


1 −1 1 1
1 −1 −1 −1
1 1 −1 −1
1 1 1 −1

 .

(a) Find |A|.
(b) Find | adj(A)|.

Answer 3.

(a) Method 1 : Using elementary row operations, simplify the calculations:∣∣∣∣∣∣∣∣
1 −1 1 1
1 −1 −1 −1
1 1 −1 −1
1 1 1 −1

∣∣∣∣∣∣∣∣ =

∣∣∣∣∣∣∣∣
1 −1 1 2
1 −1 −1 0
1 1 −1 0
1 1 1 0

∣∣∣∣∣∣∣∣ = −2

∣∣∣∣∣∣
1 −1 −1
1 1 −1
1 1 1

∣∣∣∣∣∣
= −2

∣∣∣∣∣∣
1 −1 0
1 1 0
1 1 2

∣∣∣∣∣∣ = −4

∣∣∣∣ 1 −1
1 1

∣∣∣∣ = −8.

Method 2 : Apply cofactor expansion along any row, e.g. the first row:

|A| =

∣∣∣∣∣∣
−1 −1 −1

1 −1 −1
1 1 −1

∣∣∣∣∣∣+

∣∣∣∣∣∣
1 −1 −1
1 −1 −1
1 1 −1

∣∣∣∣∣∣+

∣∣∣∣∣∣
1 −1 −1
1 1 −1
1 1 −1

∣∣∣∣∣∣−
∣∣∣∣∣∣

1 −1 −1
1 1 −1
1 1 1

∣∣∣∣∣∣ .
Note that the second and the third determinants on the right hand side are 0, since they
have identical rows. Hence,

|A| =

∣∣∣∣∣∣
−1 −1 −1

1 −1 −1
1 1 −1

∣∣∣∣∣∣−
∣∣∣∣∣∣

1 −1 −1
1 1 −1
1 1 1

∣∣∣∣∣∣ . (1)

Let us continue to evaluate sub-determinants:∣∣∣∣∣∣
−1 −1 −1

1 −1 −1
1 1 −1

∣∣∣∣∣∣ = −
∣∣∣∣ −1 −1

1 −1

∣∣∣∣+

∣∣∣∣ 1 −1
1 −1

∣∣∣∣− ∣∣∣∣ 1 −1
1 1

∣∣∣∣ = −2 + 0− 2 = −4

∣∣∣∣∣∣
1 −1 −1
1 1 −1
1 1 1

∣∣∣∣∣∣ =

∣∣∣∣ 1 −1
1 1

∣∣∣∣+

∣∣∣∣ 1 −1
1 1

∣∣∣∣− ∣∣∣∣ 1 1
1 1

∣∣∣∣ = 2 + 2− 0 = 4.

Substituting these results in (1), we get |A| = −4− 4 = −8.
(b) Since A · adj(A) = |A|I, where I is 4× 4 identity matrix, we have A · adj(A) = −8I, and

therefore
|A · adj(A)| = (−8)4|I| = (−8)4.

On the other hand, it is known that

|A · adj(A)| = |A|| adj(A)| = −8| adj(A)|.
Combining these two equations, we obtain

−8| adj(A)| = (−8)4,

and therefore
| adj(A)| = (−8)3 = −512.

Alternatively, you can construct adj(A) and evaluate | adj(A)| directly!



Question 4. Let A =


1 2 3 4
1 2 2 1
3 5 2 1
1 4 7 6

. Find

(a) |A|,

(b) |D| if A
2R1+R2→R27−→ B

3R3→R37−→ C
R1↔R47−→ D,

(c) |AC−1|,

(d) |A5|,

(e) |(BT )−1|,

(f) |2D|,

(g)
∣∣∣(23A)−1∣∣∣,

(h)
∣∣5
4
C−2

∣∣.
Answer 4.

(a) By using the elementary row operations, it easy to see that

|A| =

∣∣∣∣∣∣∣∣
1 2 3 4
1 2 2 1
3 5 2 1
1 4 7 6

∣∣∣∣∣∣∣∣ =

∣∣∣∣∣∣∣∣
1 2 3 4
0 0 −1 −3
0 −1 −7 −11
0 2 4 2

∣∣∣∣∣∣∣∣ = −

∣∣∣∣∣∣∣∣
1 2 3 4
0 2 4 2
0 −1 −7 −11
0 0 −1 −3

∣∣∣∣∣∣∣∣
= −

∣∣∣∣∣∣∣∣
1 2 3 4
0 2 4 2
0 0 −5 −10
0 0 −1 −3

∣∣∣∣∣∣∣∣ = −

∣∣∣∣∣∣∣∣
1 2 3 4
0 2 4 2
0 0 −5 −10
0 0 0 −1

∣∣∣∣∣∣∣∣ = −10.

(b) |A| = |B| = −10, |C| = 3 |B| = −30 and |D| = −|C| = 30.

(c) |AC−1| = |A|
|C|

=
1

3
.

(d) |A5| = |A|5 = −105 = −100000.

(e) |(BT )−1| = 1

|BT |
=

1

|B|
= − 1

10
.

(f) |2D| = 24|D| = 480.

(g)

∣∣∣∣∣
(

2

3
A

)−1∣∣∣∣∣ =
1

|2
3
A|

=
1

(2
3
)4|A|

= − 81

160
.

(h)

∣∣∣∣54C−2
∣∣∣∣ =

(
5

4

)4

|C−2| =
(

5

4

)4

|C−1|2 =

(
5

4

)4
1

|C|2
=

625

3600
.
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Question 1. In each part, determine whether W is a subspace or not. Justify your answer.

(a) W =

{[
a a + b
c d

]
∈ R2×2 where c < 0

}
.

(b) W = {(x, y, z) ∈ R3 where 2x + 5z = 0}.

Answer 1.

(a) Not a subspace.

(b) Subspace.



Question 2. Let

A =


1 −3 −1 2 2
2 −5 2 1 0
3 −5 13 −6 −9
−1 −1 −15 10 13

 and b =


2
3
0
4

 .

(a) Find a vector form of the general solution of the system Ax = b.

(b) Find a basis for the row space of A.

(c) Find a basis for the column space of A.

(d) Find a basis for the null space of A.

(e) Find the rank and the nullity of A.

Answer 2.

(a) Note that
1 −3 −1 2 2 2
2 −5 2 1 0 3
3 −5 13 −6 −9 0
−1 −1 −15 10 13 4

 rref
 


1 0 11 −7 0 −21
0 1 4 −3 0 −9
0 0 0 0 1 −2
0 0 0 0 0 0

 .

Putting x3 = s, x4 = t, we obtain x1 = −21− 11s + 7t, x2 = −9− 4s + 3t, and x5 = −2.
Therefore a vector form of the general solution of the system Ax = b is

x =


x1

x2

x3

x4

x5

 =


−21
−9

0
0
−2

+ s


−11
−4

1
0
0

+ t


7
3
0
1
0

 .

(b) It is clear from part (a) that


1
−3
−1

2
2

 ,


2
−5

2
1
0

 ,


3
−5
13
−6
−9


 is a basis for the row space of A.

(c) It is clear from part (a) that


1
2
3
−1

 ,


−3
−5
−5
−1

 ,


2
0
−9
13


 is a basis for the column space of A.

(d) It is clear from part (a) that


−11
−4

1
0
0

 ,


7
3
0
1
0


 is a basis for the null space of A.

(e) It is clear from part (a) that the rank of A is 3 and the nullity of A is 2.



Question 3. Let

p1 = 1− 3x + x2 + 7x3,

p2 = −1− 3x + 5x2 − x3,

p3 = 1− 2x2 + 4x3,

p4 = 2− 3x− x2 + 11x3.

(a) Find a basis S for the linear span of {p1, p2, p3, p4}.
(b) Express each vector pi not in S as a linear combination of the vectors in S.

(c) Find a basis T for P3 containing S.

Answer 3.

(a) Note that 
1 −1 1 2
−3 −3 0 −3

1 5 −2 −1
7 −1 4 11

 rref
 


1 0 1/2 3/2
0 1 −1/2 −1/2
0 0 0 0
0 0 0 0

 .

Therefore S = {p1, p2} form a basis for the linear span of {p1, p2, p3, p4}.

(b) It is clear from part (a) that p3 =
1

2
p1 −

1

2
p2 and p4 = 3

2
p1 − 1

2
p2.

(c) Note that
1 −1 1 0 0 0
−3 −3 0 1 0 0

1 5 0 0 1 0
7 −1 0 0 0 1

 ref
 


1 −1 1 0 0 0
0 1 −1/2 −1/6 0 0
0 0 1 1/2 1/2 0
0 0 0 1 2/3 1/3

 .

Therefore T = {p1, p2, 1, x} form a basis for P3.
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Questions

(1) Let

v1 =


1
1
1
1

 , v2 =


3
1
−1

1

 , v3 =


1
1
3
3

 .
(a) Find an orthogonal basis S for the subspace W of R4 spanned by {v1, v2, v3}.
(b) Find an orthonormal basis T for the subspace W of R4 spanned by {v1, v2, v3}.

(c) Find [v]
S

if v =


0
−1

4
5

.

(d) Find a basis for W⊥.

(2) Describe the linear transformation L : R3 → R2 which is represented by the matrix

A =

[
−2 3 1

5 −6 0

]
with respect to the standard basis for R3 and the basis

{[
8
3

]
,

[
3
1

]}
for R2.

(3) Let L : R4 → R3 be a linear operator on defined by

L



x1
x2
x3
x4


 =

 2x1 − 3x2 + 4x3
x1 + 2x3 − x4
−3x2 + 2x4

 .
(a) Find a basis β for Ker(L).

(b) Extend β to basis for R4.

(c) Find a basis for Range(L).

(d) Is v =

 15
−2
19

 ∈ Range(L)?

(e) Find nullity(L) and rank(L).



(4) Let

A =

 0 2 −1
2 3 −2
−1 −2 0

 .
(a) Find the eigenvalues and the corresponding eigenvectors of A.

(b) Find the determinant of A. Is A invertible?

(c) Find, if possible, an orthogonal matrix Q and a diagonal matrix D such that QTAQ = D.

(d) Find the eigenvalues and the associated eigenvectors of A17.

(5) Let

A =

 −2 1 + 2i 0
1− 2i 2 0

0 0 1

 .
(a) Show that A is Hermitian.
(b) Find a unitary matrix U that diagonalize A.

(6) (a) Is the following matrix orthogonal? Justify your answer.
1√
5

0 − 2√
5

0 1 0

2√
5

0 1√
5

 .
(b) For any complex square matrix A, show that A+A∗ is Hermitian.


