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e The exam consists of 5 questions.

e Please read the questions carefully and write your answers under the corresponding ques-
tions. Be neat.

e Show all your work. Correct answers without sufficient explanation might not get full
credit.

e Calculators are not allowed.

GOOD LUCK!

Please do not write below this line.

Q1 Q2 Q3 Q4 Q5 [TOTAL

20 20 20 20 24 104




Question 1. Consider the linear system
4ry — 3x9 — 113 + 424 — 625 = —9
—2x1 + 2x9 + 623 — 6225 = —6
311 — 2x9 — 8x3 + 314 — D5 = —7
T1— X9 —3T3+ Ty —T5 = —2
—x1 + 229 + 43 + 324 — 1725 = —19.
(a) Form the augmented matrix of the given system.
(b) Find the reduced row echelon form of the augmented matrix, which is found in part (a).
(c) Solve the system if it is consistent.

Answer 1.
(a) The augmented matrix of the given system is

4 -3 —-11 4 —-6| -9

-2 2 6 0 —6| —6

3 -2 -8 3 —=5| -7

1 -1 -3 1 -1 =2

-1 2 4 3 —17|-19

(b) It is straightforward to show that

4 -3 —-11 4 —-6| -9 10 =20 1 2
-2 2 6 0 —6| —6 01 10 —-2]-1
3 2 —83 —5| 7|00 01 —4|-5
1 -1 -3 1 -1 =2 00 00 0] O
-1 2 4 3 —17|-19 00 00 0 O

(c) Using part (b) and putting z3 = s, 5 = t, we get 1 =24 25 —t, 19 = —1 — s+ 2¢, and
x4 = —5 + 4t. Therefore the solution set is

r1=2+2s—t, xo=—1—5+2t, x3=35, vy = —b+4t, x5 =t where s,teR.
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Question 2. Let A= | -2 1 0 | andb=| -1 |.

4 3 =1 2

(a) Find the LU decomposition of A.
(b) Use this decomposition to solve Az = b.

Answer 2.
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Question 3. Let

1 -1 1 1
1 -1 -1 -1
A= 1 1 -1 -1
1 1 1 -1

(a) Find |A.
(b) Find | adj(A)|.

Answer 3.
(a) Method 1: Using elementary row operations, simplify the calculations:

1 -1 1 1 1 -1 1 2
1—1—1—1_1—1—10__21_}:1
1 1 -1 =1 |1 1 -1 0] .11
1 1 1 -1 1 1 10
1 -1 0
=—2/1 10 :—4“ _Hz—s.
1 1 2
Method 2: Apply cofactor expansion along any row, e.g. the first row:
-1 -1 -1 1 -1 -1 1 -1 -1 1 -1 -1
Al=| 1 =1 =1|+|1 =1 =1 |+|1 1 -1|—]1 1 -1
1 1 -1 1 1 -1 1 1 -1 1 1 1

Note that the second and the third determinants on the right hand side are 0, since they
have identical rows. Hence,

-1 -1 -1 1 -1 -1
Al=] 1 -1 —1|—|1 1 —1]. (1)
1 1 -1 1 1 1
Let us continue to evaluate sub-determinants:
-1 -1 -1
e I | R | B
1 1 -1
1 -1 —1
TR TS T S U VU (O I (R SO Sy gy}
1 1 ) 1 1 1 1 11

Substituting these results in (1), we get |A| = —4 —4 = —8.
(b) Since A -adj(A) = |A|I, where I is 4 x 4 identity matrix, we have A - adj(A) = —8I, and
therefore
A - adj(A)| = (=8)"|1] = (-8)".
On the other hand, it is known that
|A - adj(A)| = [Al|adj(A)| = —8[adj(A)].
Combining these two equations, we obtain
—8ladj(A4)| = (-8)",
and therefore
|adj(A)| = (—8)* = —512.
Alternatively, you can construct adj(A) and evaluate | adj(A)| directly!



Question 4. Let A =

. Find

e N
e NG \V)
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(a) |Al,

2R1+R2—R2
—

Answer 4.

(a) By using the elementary row operations, it easy to see that

1 2 3 4 1 2 3 4 1
|A|:1221:o 0 -1 =3 |0
35 21 0 -1 =7 —11 0
1 476 0 2 4 2 0
1 2 3 4 1 2 3 4
102 4 21 |02 4 2|
~ |0 0 —5 —10 00 —5 —10
00 —1 -3 00 0 -1

(b) |A| = |B] = —10, |C| = 3|B| = —30 and |D| = —|C]| = 30.

Al 1
ac = AL
(©) 147 =15 = 3

(d) |A3| = |A]® = —10° = —100000.

1 1 1
BT -1 = = — = ——,

(f) [2D| = 24| D| = 480.

1 1 81

<g’ @A) TEAT @Al 160

3

) |20

625

(Y e = () jop (B) L6
4 4 4) |C|? 3600

2
2
—1
0

—10.

3
4
-7
-1

4

2
—11
-3



« Question 5.

(a) Let A and B are n x n matrices. Show that tr(4 + B) = tr(A) + tr(B).

(b) Show that if A is invertible then it has a unique inverse.

(c) Let A and B are nonsingular n X n matrices. Show that AB is also nonsingular and
moreover (AB)™! = BT'A™,

(d) Let A and B are n x n symmetric matrices satisfying AB = BA. Show that AB is also
symmetric.

Answer 5.
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e The exam consists of 6 questions.

e Please read the questions carefully and write your answers under the corresponding ques-
tions. Be neat.

e Show all your work. Correct answers without sufficient explanation might not get full
credit.

e Calculators are not allowed.

GOOD LUCK!

Please do not write below this line.

QL | Q2 | O3 | Q4 | 05 | Q6 [TOTAL

10 25 25 10 15 25 110




Question 1. In each part, determine whether W is a subspace or not. Justify your answer.

(a)W:{{Z azb]GR“Q where c<0}.

(b) W = {(x,y,2) € R® where 2x+ 5z =0}.

Answer 1.
(a) Not a subspace.

(b) Subspace.



Question 2. Let

1 =3 -1 2 2
2 -5 2 1 0
A=1 3 5 13 -6 9 and b=

-1 -1 —-15 10 13

O W N

(a) Find a vector form of the general solution of the system Az = b.
(b) Find a basis for the row space of A.

d) Find a basis for the null space of A.

)
)
(c) Find a basis for the column space of A.
(d)
(e) Find the rank and the nullity of A.

Answer 2.

(a) Note that

1 -3 -1 2 2|2 1 0 11 =7 0|-21
2 =5 2 1 0]3 rref 01 4 -3 0 =9
3 =5 13 -6 =90 00 0 01| =2
-1 -1 =15 10 13 |4 00 0 00 0

Putting x3 = s, x4 = t, we obtain z; = —21 — 11s 4+ 7t, o = —9 — 45 4 3t, and x5 = —2.
Therefore a vector form of the general solution of the system Az = b is

T2 -9 —4 3
r=| x3 | = 0 +s 1| +t| 0
Ty 0 0 1
Ty —2 0 0
(b) It is clear from part (a) that
1 2 3]
-3 -5 -5
-1 |, 21, 13 is a basis for the row space of A.
2 1 —6
2 0 -9 |
(c) It is clear from part (a) that
1 -3 21
2 -5 0 . .
sl 25| ] _g is a basis for the column space of A.
-1 -1 13

(d) It is clear from part (a) that

—11 7
—4 3
141,10 is a basis for the null space of A.
0 1
0 0
(e) It is clear from part (a) that the rank of A is 3 and the nullity of A is 2.



Question 3. Let
pr=1—3x 422+ 723,
po = —1 — 32 + 5a? — 23,
p3 =1 — 2% + 423,
ps=2—3x —a®+ 1123,
(a) Find a basis S for the linear span of {p1, ps, p3, pa}-

(b) Express each vector p; not in S as a linear combination of the vectors in S.
(c) Find a basis T for Py containing S.

Answer 3.
(a) Note that

1 -1 1 2 10 1/2 3/2
~3 =3 0 -3 |mr|0 1 —1/2 —1/2
1 5 =2 -1 0 0 0 0
7 —1 4 11 0 0 0 0
Therefore S = {p1, po} form a basis for the linear span of {p1, p2, p3, ps}-

1 1
(b) It is clear from part (a) that ps = —p; — =p» and ps = 2p; — $po.

2 2
(c) Note that

1 -1 1000 1 -1 1 0 0 0
~3 =30 100 |x|0 1 -1/2-1/6 0 0
1 50010 0 0 1 1/2 1/2 0
7 -100 0 1 0 0 0 1 2/3 1/3

Therefore T' = {p1, ps, 1,2} form a basis for P;.



Question 4.

(a) Let L: R® — R such that

a;
L D) = a3 asg + as.
as

Determine whether L is a linear transformation or not.

(b) Let L: R? — R? such that

[a])=[""]

Determine whether L is a linear transformation or not.

Answer 4.

RRARgt
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Question 6. Let L : P, — P; be a linear operator defined by
* o L(ap + a1z) = ag + a;1(z + 1)
and S = {6 4+ 32,10 + 2z} and T = {2,3 + 2z} be two ordered basis for P;.

(a) Find the representation matrix A of L with respect to S.
(b) Find the representation matrix Bof L with respect to 7.
(c) Verify that A and B are similar.
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IMPORTANT NOTES:

1) Please make sure that you have written your student number and name above.
2) Check that the exam paper contains 6 problems.

3) Show all your work. No points will be given to correct answers without reasonable
work.



Question 1. Let

pr=5+z— 322 ¢ =4—3z+ 2
Py =T — 2z + 422 g =T — 5z + 222
ps=1+z? @ =1+z+1?

Given that S = {p;,ps,pa} and T = {q1,42,93} are both bases for P;, perform the following
computations:

1
(b) Find the transition matrix P,_, from the S-basis to the T-basis.
Let ¢ = 2 — 4z + 1522
(c) Find [q],.
(d) Find [g], by using part (b) and (c).
(¢) Find [q], directly.

-5
(a) Find the polynomial p if [p], = ’: 3 :f ;

Answer 1.

a) p=-5p1 +2p2+py = _5(5+Xx— 3x2) +3(F-2x+4x2) + (1+4x2)

P= -3 -Mx +28x%

136 -9 -5
o o4 F 0 L
) T4 > o —— e 1 ol
—3_21:31&1 ol 0419 4 0O
6 -9 -5
a‘esz-‘r%éB}
9 48
2 e i
> 7 l‘r _slo 4 o, 4 /[CI]S=1
~2 0=
j321!15 983 8 :
36 =9 2177 1| 109
(a) A 63}1
T[;qﬁo S =
4 © O \-186
)
A4 L | ——le ot
4 2 4145 o o 11 -7




Question 2. Let L be the linear operator on R* defined by

T Ty — T2+ T3
L Iy — Ly =k 2.’32 =3 :
I3 e 1 4332 e 31]33

(a) What must be the value of ¢ if | —2a | € Ker(L)?

(b) What must be the value of a if | —2a | € Range(L)?

(c) Find a basis for Ker(L).
(d) Find nullity(L) and rank(L).

(e) Is L invertible? Justify your answer.

Answer 2.

Xy — X3 A%y =0
Ky : I )-—O [.}:O Xy 21X
< < € Vel N u)=0, Xz y,
=Ky +LEX1—5X3=O

- 1
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X
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1 2 2
Question 3. Let ¢; = [ 7 ] T = [ 1 ] = [ 1 ] and W be a subspace of R? spanned by

g1 and 5.
(a) Find an orthogonal basis for W.

(I)) Find Projs;..
(¢) Find a basis for W+.
(d) Find Pro‘]WL

(e) Write a = 8; + 85 where 3 € W and 8, € W,

Answer 3.
Q) .5=5q=(1 21)/ q2=(21,-—1)} Qlf'lmr\:j nckp_‘p sef.
Uam\cj &.S.0°P

. qt=“_2"i_ 17 . &(24,-1), 4,217
& (Add) — Srea ,21)
vET <?l2~<1ll‘ . ) a2,
<o=(% /- 3/2)
TL{OQ4==C{ ,2,’])/ X = (3/2/0,—3[9_)}

b) Proye, = Lot, T oty + Sl oty

orthegonal basis for WL

W lel® lloga 1>
t ) (3/.'?./ _3k)>(1 ©, %)
= <L2f{'5)zc1'2’1)7. (‘1,1;{)4' L2A5),
P% Il ({12,4)“2 l[( ©,- 1)“

p"“f)"o( = (0,3, 3) =’131

[ ( (>, ____CQ_/--Z,Z.)—-—"-B
) Prege = =< — Py = (245 ©2.3) .

e-) o< -..:ijc'( -+ ?mjo‘-_l_ = ?‘1 +Pz

< =(0,3,3)+(2 -2,2)
c)Lp W is derow SP“#— ap A then W
O _..1} Ka.—{?

oVl
el el .
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Question 4. Let

-3 0 -1
A= 0 -2 0].
=10 =g

(a) Find the eigenvalues and the corresponding eigenvectors of A.
(b) Find the determinant of A. Is A invertible?
(¢) Find, if possible, an orthogonal matrix @ and a diagonal matrix D such that QT AQ = D.
(d) Find the eigenvalues of A~
)

(e

Find the eigenvalues and the associated eigenvectors of A”.

Answer 4,
q) deH2T-A) = 2*37\*2 ;') = () () =0 7\[2:2 Ng=-4
- 1 0O . 3 o 4 o .
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Question 5. Let

0 3+ 4
ik [ 3-4i 0 ] ;
(a) Show that A is Hermitian.
(b) Find a unitary matrix U that diagonalize A.

Answer 5. ;
o e O 344 . 4o
) AT_K_ / 3Ll ©
Ady © | _
b) deH(AT-A) = A oA - 225 ~ (A-5)A48) =0
A A A =5, P2=-5

. L 4 -3-W K=t

A= v bt .
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Question 6. Let A be an n x n complex matrix and let A € C be an eigenvalue of A. Show that,
(a) if A is Hermitian then A = ),

(b) if A is unitary then A =

A

Answer 6.
a) AR =X i A% = AX
Since A s Hermitian |,
AN < Al = AR =R with X=0

5 A=

A*_-_A implies Hrat Lor an efﬁenud\u.e A

ik
b) A is unitery, A=A
AR R ief A=K and .
© A = AT(AX) = AAX) = AAR = AAK

Als un'rhma

—

2 .
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QUESTIONS
(1) Let
1 3 1
|1 B 1 |1
v = 1 ) V2 = -1 ) V3 = 3
1 1 3

(a) Find an orthogonal basis S for the subspace W of R* spanned by {vi, v2, v3}.
(b) Find an orthonormal basis 7" for the subspace W of R* spanned by {vy,vs,v3}.
0

gifv= _4
5

(d) Find a basis for W+,

(¢) Find [v]

(2) Describe the linear transformation L : R® — R? which is represented by the matrix

-2 31
A= [ 5 —6 0 ]
with respect to the standard basis for R? and the basis { [ g } , [ 213 ] } for R2.

(3) Let L : R* — R3 be a linear operator on defined by

il 2x1 — 3x2 + 4z3
L 582 = Ty 4 2x3 — T4
3 *31’2 + 2174
Ty

(a) Find a basis S for Ker(L).
(b) Extend 3 to basis for R%.
(c¢) Find a basis for Range(L).

15
(d) Isv=| —2 | € Range(L)?
19

(e) Find nullity(L) and rank(L).



(4) Let

0 2 -1
A= 2 3 -2
-1 -2 0

a) Find the eigenvalues and the corresponding eigenvectors of A.

(a)

(b) Find the determinant of A. Is A invertible?
)
)

c¢) Find, if possible, an orthogonal matrix ) and a diagonal matrix D such that =D.
Find, if ibl h 1 ix @ and a di 1 ix D h that QT AQ = D

(d) Find the eigenvalues and the associated eigenvectors of A7,
(5) Let
-2 142 0
A= 1-2 2 0
0 0 1

(a) Show that A is Hermitian.
(b) Find a unitary matrix U that diagonalize A.

(6) (a) Is the following matrix orthogonal? Justify your answer.
0 —=

1

7 75
0 1 0

2 1

=V 5

(b) For any complex square matrix A, show that A + A* is Hermitian.



